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Chapter 2



RADIATION QUANTITIES

Intensity
dE, = L(F 1) (- i) dAdt dv dQ (2.1)
= I,(x,y,2,0,¢,t) cosf dA dt dv df2,
Mean intensity
T, (Fot) = 1/1 do 1/2”/”13'119(19(1 (2.2)
v\t = """ v = v Sl . .
A7 4 Jo Jo ¥
Axial symmetry
J(z) = == [ L(2,0)2msin0 0 = = [ 1 (2, ) d (2.3)
(2) = — s(z, sin = — (2, : :
47 JO s 2/-1 adea
Flux o
F (rm,t) = /IV cos 6 dS :/0 /0 I, cosfsind df do. (2.4)
Incoming and outgoing
2 /2 . 27w .
F.(z) = /0 /o L,cos&sm@d@dgo—l—/o /F/QIVcosGsmGdego
2 /2 . 21 /2 .
= /0 /0 L,cos&sm&d&dap—/o /0 I,(m — 0)cosfsinf db dey
= F,/(2) = F, (2), (2.5)
Axial symmetry
Fo.(z) = 27T/O7TIVCOS(98H1(9 dé
1 -1
= 27r/0 wl, dp — 27r/0 wl, dp
= Ff(z) — F, (2). (2.6)
Surface flux
Fowtace — t(r = R) = T, (2.7)
Irradiance
47 R ‘ TR?
L= urface __ — T, 9
R 47TDZfE D? (28)



DENSITIES AND MOMENTS

Energy density
1
y=— [ I,dS)
= — /

LTE energy density

u:/u,,dz/:%//B,,dﬂdz/:L%UT4

Photon density

Nphoton = /OOO % dv ~ 2073 em™3.

Radiation pressure
1
D, = —/[VCOSZ(ng
c

Moments of the intensity

1 ,+1
J(z) = 5/1 I, du

1 ,+1
H,(z) = 5/_1 pl, du

1 ,+1
K,(z) = 5 pAI, dp

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
(2.14)

(2.15)



Emissivity

Extinction coefficient

Source function

Transport equation

dl,(s) =

EMISSION AND EXTINCTION

dE, = j, dV dt dv dQ,

dl, = —o,nl,ds

dl, = —a, I, ds

dl, = —ky,pl, ds

Sy = v/
gtot _ > Ju
1% ZO{V’

I,(s+ds) — I,(s) = ju(s)ds — a,(s)I,(s) ds

drl,
ds

— ju - @VIV

df,
— SI/ - II/)
o, ds

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)



SIMPLE RADIATIVE TRANSFER

Optical path

Optical thickness

Extinction only

Mean free path

Transport equation

Integral form

L(r) = L,(0) e + [ S, (t,) e~ dt,,

Homogeneous medium

7,(D) > 1

7,(D) < 1

dr,(s) = a,(s) ds;

<Ty > = 1
T (3) f(())O e—ﬂ,(s) dTy(S)
| <n(s)> 1 1
Y oy Ryp
dr,
— Su - Il/)
dr,

0

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)



RADIATIVE TRANSFER IN STELLAR ATMOSPHERES

Angle-dependent optical depth

d
dr, = —ay e (2.37)
iz
Radial optical depth
T,(20) = /ZO —ay, dz = >~ o, dz, (2.38)
Total optical depth
dri® = —(af +al)dz = (1 +1,) dr’ (2.39)
Standard transport equation
dr,
oy = I, —S,. (2.40)
7_1/
Formal solution
I (ry, ) = = [ Sult) e ) dt, (2.41)
() =+ [ Sy(t,) et ds, /u. (2.42)
Emergent intensity
I (r=0,p) = | TS, (L) e dt, /. (2.43)
Eddington-Barbier approximation
IJ(TV:O, p) =~ S,(m, = ) (2.44)

FH0)~ 7S, (r, =2/3). (2.45)



BounND-BOUND PROCESSES

Spontaneous deexcitation

A, = transition probability for spontaneous deexci-
tation from state u to state [ per sec per par-
ticle in state wu.

Lorentz profile
,Yrad/4ﬂ.2
(=) + (770 /4m)?

Y(v—up) =
Voigt function

H(a,v)
\/—AVD

V(v —1p) =
Doppler width

2kT
c\ m’

AI/D

Radiative excitation

Blujfo = number of radiative excitations from state [ to
state u per sec per particle in state [,

Averaged mean intensity

J(p—/ J, o(v—up) dv,

Extinction profile

Amplitude

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



Induced deexcitation

Buljffo = number of induced radiative deexcitations from (2.55)
state u to state [ per sec per particle in state wu,

1,0:—/ /+1IXV vy dudl/—/ Jox(v—uy) dv (2.56)

Collision probabilities

Cj. = number of collisional excitations from state [ (2.57)
to state u per sec per particle in state [.

Cw = number of collisional deexcitations from state (2.58)
u to state [ per sec per particle in state u

nle = niNe /OO O'Z'j(’U) () f(’U) dU, (259)

Einstein relations 5 p L

U U u 2

Dlu_ Gu Hul _ 20V (2.60)

Bul gi Bul c?

Cu

Zul _ L oBu/kT (2.61)

Clu Gu



ForRMAL COEFFICIENTS

Monochromatic line extinction

hv
al, = T [y By o(v—11) — ny By x(v—10)]
h u —
—_ —anBlu gO(I/ I/()) l:l — n ng(V VO)
47 ny gu (Vv —10)
Total line extinction
0 hVO
ozf,o =/, ozf/ dv = = (niBpy, — nyBu)
Per particle
hv
l
— 2B,
O-V 47_‘_ l QO(V VO)

Oscillator strength

h 2
= ol —”0 Bi = = f1, = 0.02654 fy, cm? Hz.
MeC

Ay and [,
A~ L fi (AE)?
Numerically '
Ay = 6.67 % 10135—1 % -
Monochromatic line emission
= A v,

Total line emission
hl/()

jl/() / jl/ dV - —nU/A’U/l

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)



FORMAL SOURCE FUNCTION

General source function
nuAul¢(V_ VO)

Sl =4l /ol = 2.71
Il i Bl (v —1p) — nuBux (v —1p) (2.71)
Aul 77b
- 3
| Buyp 27 9/p
S, = By X~ & T X (2.72)
ne By @ g @
Complete redistribution
Ny Ayl 2h3 1
Sl o= s =1 . 2.
v nlBlu - nuBul c? Gultl —1 ( 73)

giny,



CONTINUUM TRANSITIONS

Bound-free extinction (Kramers)

Z4
0Pt =2.815 x 1029ngf for v > u, (2.74)

LTE
ot = gbip, (1- e_h”/kT) (2.75)

Free-free extinction )

O'lf/f =3.7Tx 108 NGW ag, (276)
Volume coefficient
off = o Nig, (1- e_h”/kT) (2.77)
Wien
2
Oéif ~ 3.7 X 108 NeNionW af (278)
Rayleigh-Jeans
2
off ~0.018 NeNionz375—5 90 (2.79)
Thomson scattering
8
ol = o7 = ?ﬂrg — 6.65 x 107 cm?. (2.80)
ol =0T N, (2.81)
Rayleigh scattering
R AN
0y X fuo ) (2.82)

ot = o Ny (2.83)



MATTER IN LTE

Maxwell distribution

[”(%) do ] _ < m )1/2 o~ (1/2)mu2/kT q,,
LTE

N 2wkT

2rkT

3/2
{_n(v) dv] = < m ) / Ap? e~ (W2me* /KT gy,
N LTE

Boltzmann distribution

n?",S — gT,S ef(XT,57Xr,t)/kT
Y
n?“,ﬁ LTE gr,t

Saha distribution

Y

Nry11
h2

_ 1 2gr2 (27Tmek’T>3/2 o X /KT
2N

: ]LTE Ne  gra

Nr—i—l
N,

— 12 Uri1 (27Tm2ekT>3/2 e /KT
rre Ne Ur h

Partition function

_ —Xrs /KT
U, =3 gge Xrs/FT
S

Saha-Boltzmann

_ 1 2g. <27rme/<:T>3/2 o Xei/ KT
LTE Ne gi h?

n;

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)



RADIATION IN L'TE

Source function

2hv3 1
l _
{SV]LTE 2 [gunl | (2.91)
gy 1 TE
2hv3 1
= W] = B,(T). (2.92)
Wien
2h1?
B,(T) ~ 2 e M/, (2.93)
c
Rayleigh-Jeans
202kT
B,(T) =~ 2 (2.94)
Stefan-Boltzmann
B(T) = [ B, dv="T" (2.95)
T
2ok
o= ﬁ = 5.67 x 107° ergem 2K 457!, (2.96)
Correction for induced emission
[1 B nuBuZX(V_VO)] — 1 _ o lwm/kT (2.97)
i Brup(V—10) | g
Line extinction
[ p— W—eanTE fup(v—ry) [1— e~ o/kT (2.98)
VILTE e b Y 0 ‘

LTE = Maxwell + Saha + Boltzmann

—

2.99



NLTE RADIATIVE TRANSFER

SE rate equations

AT = 3 () P(r) — () 52 Py() =0
J#i jF#i

Rates per particle
P = R;j + Cj;.
Bound-bound radiative

Rij = Aij + BijJu,.

Radiative transfer AL, (7. )
AURN e
—_— = — v .[]/ )
[ e Sy(7) + L,(T, )

(2.100)

(2.101)

(2.102)

(2.103)



PoOPULATION DEPARTURE COEFFICIENTS

Definition
by = ny/n; by = n, /=
Li functi
ine source function o "
S, =— 5
ct Y wr X
b, %
Complete redistribution
;20 1
SV() 2 b
¢ Yl hy/kT 1
by
Wien b
I u
Sue b—lBVO.

Monochromatic line extinction

hv b, ntTE B
I LTE u Ty ul X
o, = —bn""B V— —
v 41 e lu%p( O) i bl nlLTE Blu QY
hv [ by x
- = b nLTEB — 1 — Yu X —hv/kT
A 11y lu%p( VO) _ bl o €
b
_ nZLTEOZV 1_ b_z;% o—hv/kT
e’ LTE bu X _pusir
= T bl (o) [1 - 7 X
MeC by
Wien o [ l}
v ~ 0L | 1R -
Total line extinction
hv [ b
l 0 LTE u —hug/k
aV() = E bl n,; Blu 1— b_l e o/kT
2 —
_ me bl nlLTEflu 1 . b_u e*hl/()/kT
MeC i b
~ l
-~ bl [OZVO}LTE )
Reversed ratios
l —hvo /KT l
Sve 1— e/ b {O‘VO}LTE

Bl/o N (bl/bu) [1 — (bu/bl) e*hl/o/kT} Oélyo

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)



2.0x107 T
—  1.5%x10% |~
E 1.0x10% -
S sox108f
3 O: f
- T
—5,O><108_||||||||||||||||||||.||1||:|/|/|
200 400 600 800 1000 1200 1400
wavelength [nm]
Bound-free source function
2h 1
A (2.117)
& _Z ehl//kT _ 1
be
Wien b
P~ b—cBy. (2.118)
i
Bound-free extinction coefficient
b
ot = b o (1) (1 — b—c e_h”/kT) : (2.119)
7
Bound-free emissivity
jBf — a}jf SBf = b, [O‘}ﬂLTE B, (2.120)
Free-free
st — B, (2.121)
afl = b.nlTEel (1 — o M/HT) (2.122)
gy = be [o)] 1By (2.123)



DEPARTURE COEFFICIENT CONVENTIONS

T'wo conventions

Zwaan __ LTE
LTE
bMenzel — nl/nz
7

" neo/nEE

Predominantly ionized
Menzel LTE . 1Zwaan
b; ~onifng T =D

Y

Predominantly neutral

Menzel ~_ ., LTE ~ Zwaan

(2.124)
(2.125)

(2.126)

(2.127)



FORMAL TEMPERATURES

Excitation temperature

M _ Ju o= /KT exe
ny qi
Line source function
2h3 1 2h3 1
Sll/o = 20 Tull = ! = By (Texe)-
C ult] . 1 C2 th()/kTexc —_ 1
gy
Bound-free source function
2h1° 1

bf __
Shf =

02 th/kTion -1 - BV(ﬂon)-

Radiation temperature

By(Trad) = Jy-

Brightness temperature

BI/(Tb) = [1/7

Effective temperature

FB(TQH) = O'Te4ff = Fsurface

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)



COHERENTLY SCATTERING TWwO-LEVEL

ATOMS

Extinction
o, =at+af
Destruction probability
aa
Ev = a - s
as + o
Scattering probability
@S
1—¢, = L.
g +aj,
Effective path
I’ ~vVNI,,
g {1
Y Qy ol + o,
U~ l,/\E,
Effective optical thickness
T, = /€, Ty,

Effective radial optical depth

(2.134)

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)



COHERENT TwoO-LEVEL TRANSPORT

Thermal absorption

Jy = a,By.
Elastic scattering
Iy = @y
Coherent scattering
'a+ S
St (V5 4B,

a S
@V+QV

Complete redistribution

Sho= (1 —ey) T}, + €y B,

o

Profile-summed destruction probability

a
[0}

a s
aV() + aV()

. (8]
Cvy =

Two-level transport

dl, = —ail,ds — o) 1,ds+ B, ds + ) J, ds

df d/
L= =5, -1,
dr, (24 o5)ds v

e

ILL dTy v

(2.142)

(2.143)

(2.144)

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)
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BounD-BouUND RATES

SE rate equations

dni N N
g =~ 2l Py =0
i i

Rates per particle

Radiative excitation rate

anlu — nlBluJVO
= nl/o By, J, p(v—1p) dv

ooal
= 47rnl/0 h—ZJVdV

Radiative deexcitation rate

nuRul - nuAul + nuBuljl/o

= n“/o A p(v—1y) dl/+nu/0 Bu J, p(v—1p) dv

o gr oo 2hl/3
= nua/o BZUQO(V—V())< 2 +Jy) dv

l 3
gr e o, (2hv
= 47Tnua/0 E ( 2 + Jy) dv.




BounND-FREE RATES

Photoionization rate
< Oic(V)

niRi. = 4 n; / Sy dy (3.7)
TE recombination rate
0 Ojc\V
(neReilrg = [niRic)rg = 4mn " / 0 hE/ )By dv. (3.8)

Split spontaneous — induced

neReilpw = 4mnl® * Tic(v) B, [(1— e /KT 4 o=/ qp, (3.9)
[ ]TE 7 Yo hl/
= [nRY g + [neREY (3.10)

TE spontaneous recombination rate

RO = 4 TE OOO@'C(”)BV 1— e ™k qu. 3.11
(R g = 4w nf® [ 2B, (1 e ) dy (3.11)
Actual spontaneous recombination rate
nRy™ = Arm %n}TE /: Ji;L(VV)BV (1— e ™) dv (3.12)
. o o 3
= 4w n, i / OZC(V)%—Ve_h”/kT dv. (3.13)
Neliyrp /v hv 2

TE induced recombination rate

% 0c(V)

(n R = dmn " /VO WBV e IET qy, (3.14)
Actual induced recombination rate
n Rind — 47rn [& /OO O-ic(y) J e—hV/k‘T dl/ (3 15)
o “Incdyre /v o 77 ' ’

Total radiative recombination rate

1
ncRci — 47-(- nc [_
Te

Vo hl/ 02

00 s 3
/ O'ZC(V) (2hl/ +Jy> e—hl//kT dV, (316)
LTE



UNIFIED RATES

Bound-bound + bound-free

oo 4
upward i—j: R = 2/ / 7T%L,udvd,u

oo 47
= ) 7 —0;jJ, dv

0o 4 2hy?
downward j—¢: Rj = / / Ty ( v ]W) dv du

c2

oo 47 2hv
=, o —0;;Gij (—02 —l—Jl,) dv

Bound-bound

]’LV.. g. n.
1 Y9y —hw/kT
Uij—ay— 1 Bl‘j(pyu GU_—_ n— e /
n 9; JILTE
Bound-free
Uz —hw/kT
%= TiclV) Gij = ln_ LTE .
C

(3.17)

(3.18)
(3.19)

(3.20)

(3.21)

(3.22)



NET RADIATIVE RATES

Net radiative recombination rate
ncRci - niRic

— 4 00 O'ic(V) [nLTEb B (1 . efhl//kT) + n%TEbCJV efhl//k:T o nljy} dv
Vo hv

LTE o0 0V —hv /KT bi be skt
— b/ 1— e/ )_b_c']”<1_b_ie / ) dv. (3.23)
Wien limit
_ LTE 00 0ie(V) b;
nRe; —niRie = 4w )™, [ S (BV - b—ch> dv. (3.24)

Net radiative deexcitation rate

nuRul - anlu
= nuAul + nuBuljuo - nlBlujz/o
- Sio (nlBlu - Bul) - 71/0 (nlBlu - nuBul)

Bul — nuBul
il [ < nlBlu ) 0 ( nlBlu )1

— 4_7Tnl o, [Szl/o < _ b_u e—huo/k:T> — T, <1 . b_u e—huo/kT>
bl bg

k(|

3.25)

hvg
AT 11g l —hwo/kT b — by —hwo /KT
= by o, lBl,O (1— e mo/kT) — b_uJ”O (1 —5 ° / ) (3.26)
Wien limit
AT g l b —
nuR TL[RZU ~ h—]/O ny bu O'VO <Bl/0 — b—JVO> . (327)
Faster derivation
nuRul - anlu — nuAul + nuBuljz/o - nlBlujl/o
47, . | =
= hl/ (jyo _QVOJV()) (328>
AT 1 el
= O (Sy, = Tu) (3.29)
~ e U [ - (BVO — b—uJVO> (3.30)



CoLLISION RATES

Collision frequency

electron collision frequency N <vg > N, (mHA>1/ 2

Y
ion collision frequency Nion <Uion>  Nion \ Mg

Bound-bound for atoms
EO —1.68
nChn, ~ 2.16 <k—T> T-3/% g~ Eo/kT n; Ne f

E —1.68
nyCu =~ 2.16 (k—j(l> 7329 N, f

Bound-bound for ions

E —1
nlClu ~ 3.9 <k—7(l> T_3/2 e_EO/angNef
E —1
n.Cu ~ 3.9 (k—j(l> T—3/2§—lnuNef
Bound-free
Eo\"? a0 mokr
n@Cic ~ 27C <k—T> T e 0 nz-Ne
Ey\ 2 ;
nChi ~ 5.6x1070¢ (/T%) 739, N?
9e
TE Saha ratio
Cei [y 16 +Eo /KT r—3/2
o = | = 2.06 x 107" (¢;/g.) e™™/" T72/* N,
ic Nel1TE
Ratios
nuCul . bu
mCh by
ncCci _ Ve
Net rates

by b
nuCul - nlclu = nlclu <b_ - 1) = bun%TEClu <1 — b—l
l U

bi

neCei —niCic = n;Cjc <% B 1) - bcn%TECz‘c (1 o _> )

bz‘ bc

)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



RADIATION AND COLLISION DAMPING

Two-level atom
,yrad _ ,Yrad _ Aul

Lorentz profile
,Yrad/4ﬂ.2

R e e T e

Damped harmonic oscillator

rad 8me?
T 3mec3
Total damping per upper level
rad __
f)/u - Z Aul
I<u

Both levels

/yrad _ ,ylrad + ’U/Zad = Z A+ Z Auia

i<l <u

Collisional interactions

Ca

Tn

AE
Ay = ——
YT

Van der Waals broadening

log v ~ 6.33 4 0.4log(r2 — r?) +log P, — 0.71log T
Bates-Damgaard approximation

L *2

7= 2 (507 + 1= 81+ 1),

Effective principal quantum number

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)



DOPPLER BROADENING

Doppler shift

Av AN £
= __=7_5 .52
v A c (3.52)
Emission blueshift
=V (1+4+&/c) =V 4+ 1p€/c (3.53)
Extinction redshift
=v(l—=¢/c) = v —1p€/ec. (3.54)
Thermal motions
n(ﬁ') 1 272
>l = e /hd 3.55

e = 10851 (3.56)
"N m T\ 1014 '

Root-mean-square velocity component

2. _1/2_ _
LE > =\ | — = ==. 3.57
¢ -2 (357
Total line extinction
00 00 hy 62 7T€2
l l _ _
0= O (v—1p) dv = /o o — Bp(v—1p) me f / (v—1p) dv = mecf
(3.58)
Line extinction in the frame of the atom
ol =o' (V=) = o' (v—Evy/c—1p). (3.59)
Convolution
Ui, _ d 00
O'Z(V—VO) _ fU (V 51/0/0 VO) n(g) 5 _ /+ O'Z(V—gl/o/c—l/o) nj(é) df (360)

In(§)d§

Thermal broadening only

2

ol(v—1p) = ——f /f: 5(1/—@0/(;—1/0)%(15 (3.61)

MeC




Line extinction for pure thermal broadening

} Wezfn[(v—vo) /1) _ Vrer f o~ (Av/Avp)?

Ov = MeC N mec Avp
Doppler width
2]<:T
AVD = @1/0
c\ m

Gaussian profile

1 (Av/Avp)?
gp(y—yo) = ﬁAVD e (Av/Avp) )

Wavelength units

ﬁ€2)\_2 f o~ (AN/AXp)?
mec ¢ AAp

Ay = B3, Yo [2T
& m

Thermal plus collisional broadening

o\ =

Ul _ \/7_7-62 f e—(Az//Al/D)2 7/47{2
g MeC AVD (V' —1p)? + (v/4m)?
0 A2 (Av/Avp)?
_ 7re /+ (v/4m%) e v
MeC AVD

(V' —wp)? + (y/4m)?
= Ve iH(a,fu)

mec Avp

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)



VOIGT FUNCTION

Definition
a [+oo eV’
H = — d )
@) = 2/ G e (3.68)
_ & _fwm SN

y = fo - CAI/D - CA/\D (369>

v A=\
Vo= AVD B A/\D (37())

/\2

a = T - 7 (3.71)

ArAvp  dme Adp

Extinction profile

H(a,v)
_ — 72
p(v—1p) NI (3.72)
Approximation
2 a
H(a,v) =~ e +ﬁ02 (3.73)
Far wings
1 a 1 Y AV} __ (3.74)

plv=r0) ~ VT Avp /T2 /TAvp dnAvp /TAV? A2 Av?
Unsold (1955)

Y —
, ,0/ 7 2 J ¢ 5 6 7 3 9 70 77 72
o= /7 \\
=77 TR
\ ~—
2 K\ &7
\‘
It Vav? 97
D N R
5_ \\\ \ ,\ e
%« S \N | 907
-g’ ™ \ '\r\\
.\_‘_\\
s =0
7




ROTATION AND TURBULENT BROADENING

Line-of-sight component per x

v,(r) = x Q) sini, (3.75)
Limb shift
AXr = (Ac)RQ sini = (A/c) v sini (3.76)
Flux spectrum
]V(x7 y)
Fo=[Icos0dQ =[] oy dardy (3.77)
Intensity profile
H(v)=I(v)/I¢™ (3.78)
Invariant intensity profile
F,  JTH(y—Av)I™ cosf dQ
JFeont [ It cos 6 dS)
_ (H(v—Av)I"™/ R?) dz dy
B Jr(Icemt /R?) dx dy
= /_+OO H(v—Av)G(Av)dv
= H(v)*G(v) (3.79)
Microturbulent broadening
2kT
AI/D = @\J — + 51211101“0 (38())
c\ m

Macroturbulent broadening

I.—1 I.—1 1 22
A [4 f — o /Enacro (3.81)

]c Ic ] comp gmacro ﬁ

Inglis-Teller N, estimate

log N, = 23.2 — 7.5log nlamer (3.82)

max



TwO-LEVEL SEQUENCES

2 - 2 2 .
PP | 1 Y 1 Y
a b C
o e 2 2
, VAV (Vs Y.
'\M N> '\M WS> N> M=
N 1Y fﬂ [ fﬂ
d e f g

(a) thermal extinction = radiative excitation by a beam photon followed by col-
lisional deexcitation,

(b) spontaneous scattering extinction = radiative excitation by a beam photon
followed by spontaneous deexcitation,

(c) induced scattering extinction = radiative excitation by a beam photon followed
by induced deexcitation,

(d) spontaneous thermal emission = collisional excitation followed by spontaneous
emission of a photon into the beam,

(e) induced thermal emission = collisional excitation followed by induced emission
of a photon into the beam,

(f) spontaneous scattering emission = radiative excitation followed by sponta-
neous emission of a photon into the beam,

(g) induced scattering emission = radiative excitation followed by induced emis-
sion of a photon into the beam.



TwoO-LEVEL SHARP-LINE TRANSPORT

Two-level transport equation

dly, o Can Agy BorJy,
— - II/— - Il/ - ]1/ L
ds 10,1y Py, n10y,, 1y, Py, n10y,, 1y, Py,
(a) (b) (c)
hvo/4m) A hvy/4m)Bo1 1,
N 711012( 0/4m) Ax n1C12( 0/4m) B
Py Py
(d) (e)
hvy/4m) A hvy/4m) Boy 1,
+ n1B12JVO( Yo/ 4m) Az n1B12J,,( o/ 47) Bay
Py Py

Total deexcitation probability
Py = A9y + By Jy, + Cor.

Two-level transport equation

dl, hvg Cy Aoy Bo1J,
(U — B ]u — B [u — B Iy 0
ds 4 ™ 127w P21 127w P21 12 P21

(a) (b) (c)

Aoy B 1, Aoy By 1,
Clo=2 + C ® + BiaJy,—— + BiaJ,,——2>
+ C12 Py + C12 Py + Diady, Py + Di1ady, P,

(d) (e) (f) (g)

(3.84)

(3.85)



TwoO-LEVEL SHARP-LINE COEFFICIENTS

Extinction coefficient

! (a) = (e) + (b) + (c) — (g)

o _=

" Il/o
hvy Co By
- v Bio—2 — (=22
A ny 12 Py 12 Py
A21 B21J1/ B21]
Bio——— B 0 — Biod, ——
+ Di2 Por + Do Por 12J, Py
= Odio + alsf()'
Thermal part
hvy Ca l Ci2By
2 = ——nyBp—— |1 —
Yo ar 2 Py Co1 B2
h C
= 4—1/0 ni B12P—21 [1 e—hyo/kT} s
21
Scattering part
hvg Ay BaiJ, Boy
s _ 77U B (. Jy —al
Yo A o [Pﬂ Py ’ P21]
hVO A21
= 2 B,=2A
1 n 12P21’
Emission coefficient
hv, A hv, A
y 0 21 0 21
= —nClo— —ny B, —
Jue ir n1 G2 Por + i n1 D12 Py,

jEVLO + jls;o

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)



TwoO-LEVEL SHARP-LINE SOURCE FUNCTION

Thermal source function

s — -a/ a
SV() = J Vo aV()

(hl/o/47T) 7”L1012A21/P21
(hl/o/47'(') n1 B19oCy [1 — e—huo/k;T} /P21

Ay Cpg  eMo/kT
Byg Cyy e/ — ]

2hV03 1
- 02 ehl/()/kT _ 1
~ B,. (3.92)

Scattering source function

Slio = j ls/o/ als/()
(hl/o/47T) ny BuJVOAQl/Pgl
(hl/o/47'(') n1 BlgAgl/Pgl

= Iy (3.93)




COLLISIONAL DESTRUCTION PROBABILITY

Combined line source function

v
jl/o
Szl/o = a—g = (1 - 81/0) Jl/o + EV()BV()' (394>
Vo
Destruction probability
aa
L, = — 3.95
Evy o +ai, (3.95)
_ 021 [1 — exp(—hvo/kT)] (3 96)
021 [1 — eXp(—hV()/]{T)] + A21 .
Ca
— 3.97
021 + Agl/[l — exp(—hvo/kT)] ( )
C
= 2L . (3.98)
Co1 + A + By By,
Alternate form
e, = o fa;, (3.99)
Ey
= —2 3.100
[ ( )
) [1— e /R (3.101)
Ao
Combined line source function
J, " B,
A T (3.102)



COMPLETE REDISTRIBUTION

Statistical equilibrium

d
% = 7”L1P12 — 7”L2P21 =0. (3103)
Substitute
ol 2h 1
wo oo 2 9211 1
ging

_ (2h153/*) [(91/92) Bra T, + (91/92)Crz)
Agy + BorJ;, + Co1 — (91/92) Biady, — (91/92)Cha”

Rework with Einstein relations
Sl _ (Qth/CZ) {(Bgl/Agl)ij + (021/A21) exp(—hz/o/kT)}
Yo 1 + 021/1421 — (Cgl/Agl) eXp(—hl/o/kT)

. 750 -+ (Cgl/Agl)(th/g/CQ) exp(—huo/kT)
1 + 021/1421 — (Cgl/Agl) exp(—huo/k:T) .

Rework with Einstein relations

J° +¢ B

l I Vo= V0
— 104
s, — (3.104)

5
— (1 - 81/0) JVO _|—8]/0B1/0- (3-105)
Frequency dependence

al Sl +alSe

St = 3.106
v al, + af ( )
Bound-free destruction
C.
bf ci
g, = - . , 3.107
T Cat R+ [Rlcrild}LTE ( )
Edge averages
- I Syoi(v)ydv _ Ige Jy oic(v) dv 57— I3 By oie(v) dv (3.108)

L I3 oie(v) dv L I oie(v) dv L I oie(v) dv

One-level-plus-continuum atoms

glo/—() - (1 - 81}3({) 7IO/-() _|— Ebf‘EIO/-O' (3.109)

o
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TRANSPORT EQUATION

General
dr, aIngLa]” _18[V+(9L, i o
ds  Otds 9s ¢ Ot 83_‘71/ At
oI, 8[,,d_x N 8[,,% N 8[1,%
0s Oxds Oyds 0Ozds
Spherical geometry
ol, 6811, sinf 01, 8L,+1—,LL2 on, .
as  Var T+ a0 Mor r o

i 8[,,+ 1—p?olI,

=S5,—1,.
Kyp Or Kupr O

Plane parallel layers

—7,-8S,
"3

Moment versions

1 +1 di, 1 +1 1 +1
5/ udTydu = 5/_1 Iydu—§/_1 Sy dp
de/ v
() = Ju(1) = Su(m)
dr,
dH,
— dz(Z) = Kyp Ju(2) — KPSy (2)
1 +1 ,dl, 1 I+t
5/1 It dTydM = 5/1 /Uud,u—§/1 pSy dp
dK, (1)
= Hl/ v
dr, (7)
d*K, (7))

2 = Jy (1) — Su(1).

v

- &VIV

(4.3)

(4.4)

(4.5)

(4.8)

(4.9)



MOMENTS WITH E,(z)

Formal solution

[;(Tl,, N) = + /Oo Sl,(t,/) e—(tl,—ﬂ,)/u dt,//,u

Ty

I (rop) = + [ S,(6) e L,/ ul,

0o e *W 1 d
= — —a/u . n—1 9K
E,.(x) _/1 o dw—/o i p
Asymptotic value
e n (n+1)
E,(z) = 1 — -
(z) x { x x? ]
Schwarzschild equation
1 ,+1
L(m) = 5 [ Lo(m, ) dp
1 joo
. 5/ S,(t,) Er(t, —7,) db, + = / v) Bi(7,
= 3 / ) Er(jt,—,]) dt
Milne equation
For) = Fi(n)—F, (1)
1 -1
= 27r/ wl, Tl,)d,u — 27r/ wl, T,,)d,u
= 27T/ v) Eo(t,—7,) dt, — 27r/ v) Eo (T,

K integral

K, (7,) = %/0” S, (1) Es([ty—7|) dt

Emergent intensity and flux

I5(0.n) = [ Su(m) e ™ dn/u
:szr(o) = 27 /OOO SV(TV) E2(7_1/) dr,.

—t,)dt,

—t,) dt,,

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



OPERATORS

Laplace operator

LipdSur)}y = [T Sum) e dr = 17(0, ). (4.19)

Lambda operator

AL = 5 [ () Balle — ) . (120
Properties
1
Al = 1— §E2(’7')
Al = 74 SEy(r)
AJR) = 247 - Ei(r)
1 p 7k
AT[tp] = ip' |:Z ﬁéa + (—1)p+1Ep+2(’7')
k=0 F:
Schwarzschild equation
1 ;o
Ju(1)) = 5/0 Sy(t,) Er(|t,—7]) dt, = A, [S, ()] (4.21)
Phi operator
@, [5,()] = 2 TS, (L) Bo(t,—1,) dt, —2/ V) Bs(1,—t,) dt, (4.22)
= F,(1n)
Chi operator
X [Su(t)] = 2 / J) Bs(|t,—7,|) dt (4.23)
Ky (7 )

@ [7(1)] = - (0] (4.24)



GENERALIZED LAMBDA OPERATORS

Hubeny notation
]V(Tl/nu) = Auv[sy(ty)]
JI/(TI/) — AI/[SV(tV)]a

Angle-averaged A,

1 ,+1
:5/1 A, dp.

Slow A, implementation

AlS) = IS (o) = /T°°Su<tu> e—“v—m/ﬂdw

174

Tl/[t

AwlSi) =1, (o =lul) = [ S,(t) eV dt, /|l
”“S el dt,,,

— e*Tu,u



SURFACE APPROXIMATIONS

Polynomial expansion
(0.9]
SZ/(TI/) — Z anTl/n
n=0

Eddington-Barbier approximations

I'(0,p) ~ ag+ap
~ S,(1, =p), (4.32)
2@2 ap al a9
J,(0) =~ — -4 — - —
e T T
~ 20 4 G2
T2 403
1
~ 55 =1/2) (4.33)
2
F,(0) = a0+§a1+a2+---
2
~ S,(1, = §)’ (4.34)
Second Eddington approximation
E,(0) = 2/ v (0, wp dp
= 2/ (0, ) p dpa
~ 2<I7(0,u) >/O,ud,u
~ 2J,(0), (4.35)
Error for linear S
F,(0 2 3
0) _ a/2+a/s (4.36)

2J,/(0) N a0/2+a1/4



TAYLOR EXPANSIONS

X (ty —1)" [d”i;gty)}

14

7, > 1

{d?’sy(ty)] N
( -,

T d
1 [dQ , t,,)]
Convergence

s,
dtn

amt2s, /dent?| S, /et 1
S, /dty] Sujty )

7, > 1

L(my, 1) = Sy(1,)+p [
(1)
F, (1)

2
=2
S

Q

K,(m) =~

Relative anisotropy

(4.37)

(4.38)

(4.39)
(4.40)

(4.41)

(4.42)

(4.43)
(4.44)

(4.45)



DIFFUSION APPROXIMATION

Linear anisotropy and LTE

L(rp) ~ By(n)+u[

B,(2)

dB,(t,)
dt, |,

o
X
2

+1 4rdB,(z
Fo(z) =~ 271'/71 wl,dp =~ 5 dT( )

Rosseland mean opacity

1 Jo°(1/ay)(dB,/dT) dv

ar  (dB,/dT) dv
1 _ (1/m)(dB,/dT) dv
k. Jeo(dB,/dT) dv

Diffusion/conduction/Rosseland approximation

Fz) = [ Fulz)dv

4 o 1 dB,
—— — dv
370 «, dz

ir (< 1dB,dT
370 «,dI dz v

16 0T3d_T

3 ar dz
1 ¢ du

SKRpg

Q

Q

Shu (1991):

A “random walk” slows down the free-flight speed ¢ by a typical factor of
I/ R, so that the time R2 /D (with the radiative diffusivity D = ¢/3pkR)
is roughly 3R, /1 times longer than the free-flight time R /c of about 2.
This process prevents the Sun from releasing its considerable internal
reservoir of photons in one powerful blast, but instead regulates it to
the stately observed luminosity of L, = 3.86 x 10 ergs™!. In any
case, apart from being useful for rough order-of-magnitude arguments,
this accurate equation constitutes one of the fundamental equations

underlying the whole theory of stellar structure and evolution.

(4.49)

(4.50)

(4.51)
(4.52)

(4.53)



(FIRST) EDDINGTON APPROXIMATION

Flux and mean intensity

Derivation

K, (1)

Q

Q

W=D =D =

Linear anisotropy

L7y, ) = ao(1y) + a1 (1) p

1 ,+1

I (1) = 5/1 L(7y, 1) dp = ao(7),
1 /+1

Hy(r) = 5 [ phl(r ) dp = a1 (7)/3,
1 ,+1

Ky(ry) = 5/_1 LT, 1) dpp = ap(7,) /3.

Second-order transport equation

1 d>J,(r,)
3 dr?

= Ju(1) — Su(m).
Coherent scattering

SI/ = (1 - EI/)JI/ + 8I/Bl/a

ldQJ,,(Tl,)
3 dr?

=¢, (1) — Bu(1)] .

(4.54)

(4.55)

(4.56)
(4.57)

(4.58)

(4.59)

(4.60)

(4.61)



ILLUSTRATION: SCATTERING ATMOSPHERE

Linear B,
By(m) = Bo+b, 7, (4.62)
Eddington approximation
L B)—e ) B,) (4.63)
3d7’3 14 v) — 6l/ 14 v): .
Solution for constant €,
J,— B, = Cye V3™ 4 CyetViam, (4.64)
Boundary conditions
J,(0) = B,o+Cy
dK, dJ,
= W H,(0)=a, | 2| = (a,,/3)[ = (a,/3)v/35, C1 + ayb, /3
dTI/ 7,=0 dTI/ 7,=0
C . BV,O — al,by/3
b 14 (a/3)V3e)
Results

J(1) = By(r,)+ Cpe V¥

B 0— a b /3 _
= Bo+b1,———— Vi Ty 4.65
O T (/3035 (4.65)

S, (1) = B,(1,)+ (1 —¢,)C e V™
BZ/O - az/bl//?’ —/3e,

= B, b7, — (1 —¢, : v T 4.66

BZ/O - ayby/g —/3¢e,
Hl/ v — b]/ 3_|— v 4 e EVTV 4.67
() = bof3+Va— e (167

(1—¢,)(Byo—ayb,/3)
(14 (an/3)v/3e,) (1 + 1 +/3e))’

(0, 1) = By by — (4.68)



ISOTHERMAL ATMOSPHERE

i 1 — 351,7'”_
J,(1,) = Buy _1 — +(ay/3)\/£e V3ew _ (4.69)
i 1 - Ey - 351,7'”_
S,(1,) = By _1— a3 V3ew | (4.70)
N B [ 1—¢,
0w = Buo |l - <1+<au/3>m><1+ws—ey>] (4.7)
e=1
—V3T
_ _ € i _ |1 _ e V3T
I, (1) = w7 BT 1-(1/2) | By (472)
SZ/(TZ/) = BV,O (473)
e 37, e~ 37,
Hy,(r,) = mBu,O = 27\/531/,0 (4.74)
]:_(O,ILL) = BV,O (475>
F,(0) = %By,o. (4.76)
ay = \/g
J (1) = {1 — 1+1¢5 e%*] B, (4.77)
Su(r) = [1=(1—yE)e ™| By (4.78)
Hy(r) = }1 f =T B (4.79)
Surface values
50) = f&aBy,O (4.80)
S,(0) = & By (4.81)
o = (L B (182
Fro) = X Vv g (4.83)

31+ 5



g, K1

<3
—~
=
—
N~—
Q

(14 V3)y/2 Buo = 2.7v/&, Buo < By
4
FH0) ~ 77% V& Buo = 7.3/ Buo < Buy.

Thermalization depth

A, =1/

J, — B, split
JV(TV) - BV(TV) _ auby/SBO,l/ —1 e—\/ETV’
By, 1+ (a,/3)v/3e,
e, K1

J,(1,) — B,(1,) = [a,b,/3 — By,g] e ™

RE gradient

RE gradient as seen by line

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)



COHERENT SCATTERING WITH THERMAL BACKGROUND

Continuum destruction probability

Extinction ratio

Combined destruction probability

l
o e

v 14+¢eum,

AN=06+1=-0d)e,=¢c,+(1—¢,)6, =

Total source function

of+al, 14,

S¢+n,S! B+ [(1—e)), +e,B)]

Stot —
g 14+mn, 14+,

- (1 - )‘V)']l/ + )\VBV
= (1-X\)L+ (N —¢)B, +e,B,.

Thermalization depth for coherent scattering

A — L | 1+4+n
VN Nl4em,
Corresponding continuum optical depth
. 1 1
TI/(AV) - 1 AV - 1/27
1y [(1+m) (1 +eum)]
e~x~1
To(A) = 1/my = 7 =1]
e < 1/my

(M) = 1/~ Tl = /).

Thomson and Rayleigh scattering

Saff+xal
ap +af+ ot + Y all’

Ev

Y

(4.91)

(4.92)

(4.93)

(4.97)

(4.98)

(4.99)

(4.100)



COMPLETE REDISTRIBUTION

Continuum destruction probability

duy E/OOO&,QO(V—VO) dV:/O

Total destruction probability

Ay = /OOO Mp(v—1y) dv =g, + (1 — €,,) 0y

Total source function

tot
Sy =

oo

o(v—1wp)

Second-order transport equation

leJy(Ty)
3 dr?

Thermalization depths

Al/o =

Al/o
Al/o

With background continuum

Ay,
AV()
AV()

Q

Q

Q

Q

1 +77V090(V VO

(1 —Ayy)Juy + Ay By

= J, (1) —

1/2
1/e)

1/81/0
1/e

o

/N
1/>‘V0
1/\2

o

(1 o )‘Vo)jl/o

delta function

Gauss profile

Lorentz profile.

delta function

Gauss profile

Lorentz profile,

771/090 V— VO)

e

(v—1p)

o >‘V0 Bl/o?

dv,
(4.101)

(4.102)

(4.103)

(4.104)

(4.105)
(4.106)
(4.107)

(4.108)
(4.109)
(4.110)
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NUMERICAL SOLUTIONS

Angle discretization

1 ,+1

1 ,+1 I 1 0
— 2D ! d'u+§/1] dys
1 ,+1 n 1 /+1 B
= o) Tdutg [ 1 d(=p)
1 m 1 m B
~ §Zajljr+§zajfj,
J=1 j=1
Optical depth discretization
o= [Tatde= [ dt° = /10% dlogt®
Y w7 0 -0 loge

total __ X ¢ l [T c log 7o
o = [ tal)de= M) dit= [ (14

General transport equation
df

—=1-2S.
Har o

Two-level coherent scattering

d/ (1—¢) /+1
,LLE—I—gB— 5 /_1]d,u.

Discrete transport equation

dr+ 1—¢)[m m B
ud—“ = ]:—8B—( 5 ) Zaj];_ + Zajlj

T Lj=1 j=1 |

dr; B (1—¢) [ mo ]

(—,u)d—“ = [, —eB— 5 Soal + Y al; |
T Lj=1 j=1 |

dlogt¢
loge

Y



FEAUTRIER METHOD

Antisymmetric averages
P,(1, 1) =

R, (1y,p) =

Mean intensity

~ 2 aP(7i, 1))
7j=1
Split transport equations
dI+
R I—i— S—i—
# dr
dl~
—pu— = I =5
# dr

Add and subtract; assume ST = S5~

dR
— = P-S5

# dr
dP
— = R.

s dr

Feautrier transport equation
2p
2 TP _ pirp) - (),

dr?

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



NUMERICAL FEAUTRIER SOLUTION

Outer boundary

M[M

dT ]ﬁ :P(Tl,/L), (518)

Inner boundary

1 [M] = R(Ty, )

= 2 (7, ) ~ T(7, )

dr

1
= I(1p, p) — 5 (7, 1) + (70, —10)]
= (7, pt) = P(7, 1)
dB
— B+ |~ Pln) (5.19)
Tl
Differences
[ATliyip = Tis1 — 7 = AT (5.20)
[AT]i 1 & T — 71 = AT (5.21)
Tridiagonal system
d?pP
W [W} T B =AP — BQZ'PZ' + CiP = —5; (5.22)
(3 2/,[/
A, = 5.23
ATZ'_l (AT@'—l + ATZ) ( )
2142
Bi = 1+ —F— 5.24
+ A’Ti ATZ‘fl ( )
2142
Ci = : 5.25
AT (ATio1 + AT) (5.25)
Matrix notation
TP =S (5.26)
Coherent scattering
d2P (7,
2 (7, 1) = P(r,pu) —e(1)B(1) — (1 —¢(7)) J(7) (5.27)

dr?
= P(r ) — e(r)B(r) — (1 —£(r) f: Py ), (5.28)



LAMBDA ITERATION

Lambda operator

JV(TV) = AV[SV(t)]

Two-level source function
(1) = (1 = eu(7)) Au[S, (t)] + £0(7) B (7).
Dropping indices
S=(1-¢)A,[S]+¢eB
Direct solution
S=(1—-(1-e)A) "[eB],
Lambda iteration

SO — (1 — ) A[S™] + ¢B,

General Lambda iteration
n™ = fi(J")

Convergence

St g — (1 — ) A [S™] +eB — S™

Large 7, small

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.37)

(5.38)



APPROXIMATE LAMBDA ITERATION

Operator splitting

A=A+ (A, —AY) (5.39)

Exact operation
Jy = A[S]+ (A — A)[S] (5.40)

Iteration scheme
S = (1— &) NS+ (L= ) (A, — AN[SO] +eB (5.41)

SO (1 =) A* STV = (1 —e)A[S™)] +eB — (1 —e) A*[S™)]
= S _(1—e)A*[S™)], (5.42)
Inversion

ST = (1— (1— ) A%) 1 [P — (1 - ) A[S™)]]. (5.43)

Convergence A,
St _ g(n) — gFS _ g(n), (5.44)

Convergence A},
SO (1 — ) AT [SUHY] 4 (1 — ) A*[S™)] — 5™ = §FS _ g()
(1-—1—e)A) S —(1—(1—-e)A")[S™W] = §F5 s

S _ g0 — (1 — (1 — &) A*)H[STS — 5], (5.45)

(1—(1—e)A") '~ 1/e, (5.46)



CORE SATURATION OPERATOR

T, > 1
I,(2) = 5" (2).

I,(z) = S,(z) for 7,(2) >~

Line core operator

A[S(1)] =S(1,) or A, =1 for 7, >~

Thin approximation

N | —

Line wing operator

1 1
AS(R)] = 5S(r =) or Aj =3 [ (=) dr, for 7, <7.

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)



SCHARMER OPERATOR

Seek intensity operator

Ly(Top, ) = ]zi = Aiu[SV(Tvu)] ~ Wi(Tvu) Sy (fyiu
Optical depth along beam

dre
dr,, = (1+mn,)—*
g 1l
Transport equation
dl,,
— II/ - SI/
dr,, K

Formal solution

ol Tou

— —Tup Tvn tup
IW: e A Sy et dt,,,

Linear source function

Sy =a+bty,
0
- I;LM:a—l—b—l—bTw
0
N I, =a-b+br, —(a—0b)e ™.
w>0
Wy, =1
,j; = Tyut1

Local Eddington-Barbier

IjM(TW) =1-S,(ryu+1l)=a+b(n, + 1)
p <0

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)



NEWTON-RAPHSON ITERATION

f(x) f(x)

Taylor expansion

fla) = S 2 f ) (@~ w)"

= f(xo) + l% (x —x) + O [(:U — xO)Q] (5.63)
Linearization
flxo+Ax) — f(xg) = l% xAx. (5.64)
c— f(zW) = % . Az (5.65)
A:C(l) — c— f(x(l)) (566)



COMPLETE LINEARIZATION

Rate equations

N N
JFi JFi

Rates per particle

Perturbations

n§"“> = n(n)+5n§-n)
(n+1) (n) (n)
by = Py +on;

(n+1) g~ pln+1) N (n1) pln+1) _
i i TN ji

J# J#
(n) X ()5 pln) (n)
on, Z ; 2‘5 Z(Sn Z —Z‘nj 0P’ =—-FE

JF#i JFi JFi J#i

5P = BysT

— ”/H/ (v—rp) 610 (1) dv dp.

Feautrier solution

deV‘]l/ TV
d72( ) = Ju(1v) = Su(10),
ony =5 s
—~ 0,

Approximate operator solution

Preconditioning

(5.67)

(5.68)

(5.69)
(5.70)

(5.71)

(5.72)

(5.73)
(5.74)

(5.75)

(5.76)

(5.77)

(5.78)
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Electromagnetic wave

Complete polarization

Mixed radiation

Complete polarization

Original definition

STOKES PARAMETERS

E, = A,cos(wt— ¢,)
E, = Aycos(wt — ¢y),

I, = A2+ Az
Q, = A>— Az
U, = 24, A,cos(¢p, — ¢y)

V, = 24,A,sin(¢s — ¢y),

I, = I < A2+ A2 >

Q = <Al-A >

U, = <2A,A,cos(¢r — ¢y) >
V, = <24, A;sin(¢, — ¢y) >,

I, = AA+A) =4
Q, = A?cos2f3cos2y
U, = A%cos20sin2y

V, = A%sin28.

I, = total intensity
QV = ](l)inear . ]éiélear
U, = 1 g

_ circular circular
VV - ]right T tleft :

(6.2)

(6.4)

(6.5)
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CLASSICAL STELLAR ATMOSPHERES

Assumptions

— the atmosphere is spherically symmetric (excluding close binaries, rapid rota-
tors, magnetic fields, spotted surfaces);

— the element mixture is homogeneous with depth;

— the atmosphere is in hydrostatic equilibrium (no large-scale motions);

— the atmosphere is time-independent (statistical equilibrium);

— the mass of the atmosphere is small compared with the total stellar mass;
— there are no sources or sinks of energy:;

— energy transport takes place by radiation and convection (no heat conduction,
acoustic waves, MHD waves);

— the free electrons as well as the free heavier particles obey the Maxwell distri-
bution with local kinetic temperature Ts.

Parameters

— the stellar luminosity
— the stellar radius
— the element mixture

— the microturbulence

Two of L, M, R replaceable by

— the effective temperature Tog = (L/47T0'R2)1/4;
— the surface gravity g, = GM/R?.



GAS AND ELECTRON PRESSURE

Ideal gas
ng = nmoleRT

Gas constant
R =kNpy =k/my

Other versions

mo. GN
p, = MmleNa R = =
V. Na pmy %

Electron pressure

P, = NKT.

pk T pRT

(7.1)

(7.2)

(7.3)

(7.4)



TONIZATION BALANCE

Hydrogen plus single metal
Ng = Ny + AmNu + fulNu + fuAvmNVa
Electron density

Ne = fulNu + fmAmNg.
Ratio
Ne Ju + fnAwm

Ny 1+ fu+ (1+ AnAy
High /intermediate/low temperature

N, 1
~ 1 — =
I
N,
Av<L fakl - — = fun
Ny
N,
~ 0 " A
fu — N, JvAwm
Ionization fractions
1 Nt Ng  Nm

fu Nn  Nn Np
1

1 N M N Nu _|_NIII
Jm NnuNm Nmo Nmo

Electrons per nucleus

P N py N, fu(z) + 2>, N, fun(2)

N, nuclei Zz N, Z

Pressure ratio

& o (Nions + Natoms + Ne) ET - (Nnuclei + Ne) kT . E + 1
P, N.kET - NkT -
E
P. =P

SE+1°

(7.8)
(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)



HYDROSTATIC EQUILIBRIUM

Pressure gradient against gravity

e _
P gp
Standard optical depth scale
7 _ 9
d’TO N K
Radiation pressure
dp 4nm ;o dK, 41 oo dK, dT, 1 ;o K,
— = — dv = — —dv = - F,—d
dTo c /0 dTO v c /0 dTV dTo g C/ vy v
Iterative integration
dP, g
pl2=-8__ pl/2.J9
& dTO & vy
Formal solution
3g o PYV2(t)  \7°
P =|—= g d
<) ( 2 /0 Ko (to) O)
[sothermal atmosphere with constant p
b, g o, _ B
dz RT * Hp’
Py(z) = Py(0) e */ 1
Plane-parallel layers
Hp RT  RTR. Tet (Ri/Ro)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)



LIMB DARKENING

Three-parameter fit

1
:al,—l—byu—l—cl,(l—,uln(l—i——))
i

SZ/(TI/) = a, + bI/TI/ + CVEQ(TV)
Optical depth scales

dr, _ Kyp dz Ry

dry  kopdz Ko

(7.24)

(7.25)

(7.26)



RADIATIVE EQUILIBRIUM

Flux constancy
V- Ftot(r) =V- [Frad(r) + Fconv(r) + Fcond(r) + Fmech(r)] = 07

Plane-parallel

dFtot o
dz

RE

Surface flux

L
_ 4 *
Alternative
dfrad( ) —0
dz

Flux divergence

Byor(2) = Fraal2) _ 40 / a, (2 — J,(2)] dv =0,

Hubeny notation

Dioi(2) = Fraa(2 / /H Jou(2) — au(2) 1,u(2)] dvdp = 0.

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)



NET COOLING RATE PER TRANSITION

Per line
(I)ul - 47—‘-&5/()(51[/0 o 71/0)
= d4mjl, —4mal, Ty,
— hVO {nu(Aul + Buljz/o) - nlBlujuo}
— hVO [nuRul - anlu] )
Wien limit

b
q)ul — hVO [nuRul - anlu] ~ 4 bu [QZVO]LTE (BVQ - _l‘]VQ> .

Per bound-free continuum

00 b; b
LTE —hv /KT [ ¢ —hv/kT
o, = 4nn, bc/VO oic(V) By(l— e/ )_b_cjy<1_b_ie / ) dv.
Wien limit ;
®.; = 4w nEp, / ) <B,, — b—J) dv

(7.35)

(7.36)

(7.37)

(7.38)



GREY RE ATMOSPHERE

Transport equation
o0 dII/(TI/7lu) _ o0
oAy = L ) = Su(n)] dv
dI(7, p)
K dr

RE condition

Lambda operator

Phi operator

Constant flux

3
S(t)~c(1+ 57)
Formally
d dK (7
F=a[s0)] = Ly 150 = 5,
dr dr
Classical version
3
S(r) =2 +a(r) F
Hopf function
T+ q(1) = AT+ q(7)].
Milne-Eddington approximation
3 2 3 1 1 3
~— —)VF = (- —VF=—-(14-=-7)F
Sy S(r+ ) F = (gr+5) F= (14 57)
Grey RE temperature
3 1\
T(T) ~ Teff <ZT + 5)

Monochromatic source function

Su(7) = By [T(7)]

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)



Thomson scattering

RE condition

GREY RE SCATTERING

S, =(1—-¢,)J, +e,B,

/0 kypd,dv = /0 Ky p S, dv
kpJ = kp[(1—¢)J+eB]
eJ = €B

Grey RE limb darkening

Schwarzschild (1906)

(7.50)

(7.51)

(7.52)

Limb darkening 7(0, u)/1(0,1)
r/Rs p | Observed | Radiative equilibrium | Convective equilibrium
0.00 1.00 1.00 | 1.00 1.00 1.00 1.00
0.20 0.98 0.99 | 0.99 0.99 0.98 0.97
0.40 0.92 0.9710.95 0.95 0.92 0.87
0.60 0.80 0.92 | 0.87 0.88 0.80 0.70
0.80 0.60 0.81(0.73 0.76 0.60 0.44
0.90 0.44 0.70 | 0.63 0.66 0.44 0.27
0.98 0.20 0.49 | 0.47 0.52 0.20 0.08
1.00  0.00 ~ 0.40 ] 0.33 0.40 0.00 0.00




GREY EXTINCTION AND MEAN EXTINCTION

Monochromatic transport equation

dK,(z) dK,(z) By
4 dr, 4—/{,,(z)p(z) dz Fu(z)
Mean extinction
00 dK,(2) _ L ~ dK,(z) .
/0 4—/1V(z)p(z) dz dv= R(2) /0 4—,0(2) dz d

/ 4_,@ (Zz) P dV:/OOOFV(z) dv = F(2)

Flux weighted mean

_ I Ky (2) Fu(2) dv o0 F,(2) y
D= T E G b O
1o dK(2) L 1 dK(z)
R(2) /0 4—p(z) dz d %(2) 4—,0(2) dz’

1T [/ ku(2)] (dK,(2)/dz) dv _ /oo
k(2) I (dK,(2)/dz) dv 0 Ry(z) dK(z)/dz

Eddington approximation plus LTE

Rosseland extinction

l N /oo 1 dBV/dT i
R k, dB/dT v = KR
Stellar interior
3 3 1/4
T(r) = Tesr 1R + ZQ(TR)

Rosseland optical depth
d’TR = —KRp dz.

Radiation

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)



LINE BLANKETING

Backwarming
[Fydv  F' (o/m) Tl

0 v T —efle_f
I F,dv F (o/7) T

Tr=(1—f) ' Ty~ 1+ f/4) Tl

Cooling rate per line

®,(2) = dmal, (2) [S (2) = Tu(2)];

o

o

LTE RE condition

Scattering lines

Miinch (1946)

(7.64)

(7.65)

(7.66)

(7.67)

(7.68)



Chapter 8

Weighting function

G

_dB,/dT

HI/H™ ratio for log P, = 1.3, T, = 6000

N(HI)
N(H)

log

Boltzmann factor

efhz//kT _ 1071.6021><10’12 log(e) (x/kT) _ 107(5040/T)X _ 10*9X

Paschen continuum

ns ns 3 _
f’:j—:g—e hv /KT _

NHI) g

Rydberg series limits

18

U(H
= —0.1761 — log P, + log

~ dB/dT

U(H")

I
) +2.5logT, — 0 x =7.64

5 107X =9 x 107101956 — g 2 x 10710

A~ 91,16~
n 1 2 3 4 5 6 7 8
HT n%/Z2| 1 4 9 16 25 36 49 64
Hell n2/Z2| 1/4 1 9/4 4 25/4 9 49/4 16

79
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THE BALMER DISCONTINUITY

Balmer jump in F and G stars

k(A > 364.7) oy(H ) N(H)
k(A <364.7)  on(H )N(H )+ o8 Nu(n=2) < 1, (8.6)

Balmer jump in F stars

/1()\ > 3647) N OA(Hi)NH(n: 1) N T_3/2 ehl//k:T N O)\(Hi)

k(A < 364.7) o8B Ny(n=2) ol

Ne Te_3/2 thl//k:T. (87)

Balmer jump in hotter stars

k(X >364.7) o} Nu(n =3) o /KT,
k(A < 364.7) 0B Nu(n = 2) '
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ABUNDANCE DETERMINATION

Abundance of element E

H = 12 scale
A12(E) = log Ng — log Ny + 12.
Relative abundance

[X] = log Xgtar — log Xgun-

Metallicity
[Fe/H] — 1Og(]\/'Fe/j\/'H)star - lOg(]\/']-:‘e/j\/'H)Sun
Population
pLTE
n; = bl nZLTE = bl l NHAE,
E
Line extinction coefficient
2 y2 . LTE
! met ATy H(a,v) by —he/ kT
= —b Ny Ag fiu - —
A meC C : NE HAE fl A)\D bl ©
Equivalent width
1. —1 ﬁ\
Wi = /line 1. dA
Fc - ‘Fg\

Wy=| 7o

(9.1)

(9.2)

(9.3)

(9.4)



CURVE OF GROWTH

Schuster-Schwarzschild atmosphere
Iy=By(Tr) e ™+ BA(T1)(1 — e ™)
Optical thickness of reversing layer

VTt AR f
— N, H
meC ¢ AAp

TA:O-ANi: (CL,U) ~ Th H(CL,U)

Line depression

Dy = I.—In _ Bx(Tr) — BA(T1)
L B\(Tr)

(1= e ™) =Dpax(1— e ™)

Line depth

B\(Tr) — BA(11)
B\(1TRr)

DmaX =
Equivalent width
Wy = Dyax . (1 — e_”) d\.
Weak lines

. 2
Dy = Dpax Ty, € (AX/AXp)

W)\ ~ DmaXT)\O\/EAAD =

MeC C
Saturated lines
Wi ~ Q Dpax AXp
Strong lines
a a AT

™™ = T) =

NN TN

Wy = Dpax [ (1— e ™)dA

line
= Doy (a/V) [ (1= e7V/") du

~ DmaXA)\D VT @

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)
(9.15)

(9.16)

(9.17)

(9.18)



CURVE OF GROWTH

Milne-Eddington atmosphere

be

B)\(T)\) = B0—|—1+n>\7')\

b. 2

F\(0) = BO+1+77A§
F.(0)— F

b, = F0) =B
F(0)

(2/3) bena/ (14 1m)
By + (2/3)bc

- Dmax il
1+ny

Equivalent width

Wy = [ Dyd\= Dy Ay | _ du

i ine 1 4 M

W H
A / mH(a,v) dv
Do ANp line 1 4 o H (a, v)

W
Dmaxg)\D = \/%770 for o <1

W,

= 2—4 f 1

DmaXA)\D ot =

4%
AL Vr3/Zany  for ny > 1.

(9.19)

(9.20)

(9.21)

(9.22)
(9.23)
(9.24)

(9.25)



EMPIRICAL CURVE OF GROWTH

Abscissa
log X =log C + log(gf Ao) — x 5040 /T
Boltzmann
N ~ g o Bi/KT _ g 107X 5040/ Toxe
Sensitivities
log W, lagey .
large ANp e e
,’/ _____ - _’::’ small y
7 smal Ahp
log X

Wright (1948)

-30
—40
w
log T

-50

—6.0

—70 ] - 1 I 1 1
-30 -20 -1.0 0.0 1.0 20

log X,

30

(9.26)

(9.27)
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Radiative Transfer Rap

specific intensity
emission coefficient
extinction coefficient
source function

radial optical depth
plane-parallel transport
incoming rays
outgoing rays
emergent intensity

Eddington-Barbier

mean intensity

flux

mean mean intensity
Schwarzschild equation
lambda operator
photon destruction
coherent scattering
two-level atoms
complete redistribution

isothermal atmosphere

I,(7,1,t) ergcm™?s ! Hz™ ! ster™?
j, ergcm > st Hz ! ster™?

L o, ecm?part™! K, cm? gt

o, cm”
S, =S5,/

T(20) = I3y, dz

pdl,/dr, =1, - S,

I, (1y, 1) = = I§" Sy(ty) e dt, [
LF (T, 1) = + 1225, (t,) e mm)/ide, [
L0, ) = J5° Sy (ty) e /7 dty /
I5(0,1) ~ S(r, = )
FH0)~7nS,(r, =2/3)

J,(z) =315 1, dp

H,(z) =%/ pl,dp=F, /47 = F, /4
Ty =3I I L o(v—wp) dp dv

Jo (1) = 2 18° S, (L) Ex(|t,—m|) dt,
ALS)(t)] = ()

ey = o, /(0 +aj)
Sl=1-¢,)J,+e,B,

evy = Cn/(Co1 + Ay + BaB))
Sﬁo =(1—¢,)J, + By

S,(0) = V&, B,

0
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